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1. Transformations as a change of coordinate frame « [ !
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(a) (3 points) Express the coordinates of point P with respect to coordinate frames A, B, and C.

2(55) w0151 B(1505)

(b) (3 points) Express the coordinates of vector, V with respect to coordinate frames A, B, and C.
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(c¢) (3 points) Fill in the 2D transformation matrix, Mc_, 4, that takes points from F to Fa, as given
to the right of the above figure.
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(d) (3 points) Fill in the 2D transformation matrix, M¢_, g, that takes points from F¢ to Fz, as given
to the right of the above figure.

(e) (2 points) Given an expression for the 2D transformation matrix, M4, 5, in terms of the matrices
Me_ 4 and Me_,p. Then evaluate the expression using your results above. Use any tool you like
to compute the required matrix inverse, i.e., matlab, an online web page, or you can also develop
the matrix yourself in the same way you developed the other matrices. Test your solution using
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(a) (2 points) On the above diagram, sketch the origin and basis vectors of the coordinate frame Fy;
that results from the following sequence of transformations that develops a transformation matrix
Py = MP,,;. Assume that all transformations applied to M do right-multiplication.

M.identity();
@ M.rotate(Z,90);
@ M.translate(1,-3,0);
C) \M.scale(2,1,1);
M.translate(1,0,0);

(b) (2 points) The drawing of the above house represents its untransformed shape. Sketch the trans-
formed version of the house in the above diagram.

(c) (2 points) Give the values of the resulting transformation matrix, M. Complete this in the space
given to the right of the diagram.

(d) (2 points) Suppose that an alternate sequence of transformations given by
M = Translate(a, b, 0)Rotate(Z,0)Scale(c,d, 1),
is used to implement the same transformation. Provide the values of a,b,c,d and 6 that would
implement the given transformation.

M= Tran lh (7,?, 0) Rofvfe (2) 7”? feoke (2, ':0>
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3. Affine transformations

(a) (2 points) Develop a 3D affine transformation that scales around the point (x,y, z) by a factor of
(Sz, Sy, S2). Express your solution as a sequence of transformations.

Trany()(,y)2> ((a/le[ ff/fy/ fzs Tm"J (-x,-y;z}

(b) (2 points) Suppose that a scene has 1,000,000 vertices to be rendered at 60 Hz. The vertex shader
applies two successive 4 x 4 transformations to each vertex. How many multiplications per second
does the veptex sha; jr need to perform? Assume no special o E:mlzatlons Show your work.
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(c) (2 points) In 2D, show that a matrlx M = Ro ,0)Scale(a,b) has orthogonal basis vectors,
whereas the same is not tr e reversed order, i.e., M = Scale(a, b) Rotate(Z,0).
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(d) (2 points) Can the transformation that is implemented by
M = Translate(a, b, c) Rotate(X, 01) Rotate(Y, 02) Rotate(Z, 03)Scale(d, e, f)
be used to implement an arbitrary 3D affine transformation? Why or why not? If not, give an
example of a 3D affine transformation that could not be implemented using the above sequence
of transformations.
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4. Scene Graphs

(a)

(b)

(3 points) In the space to the right below, sketch a scene graph for the simple 2D dog. The
labeled nodes should represent the coordinate frames, e.g., Fs, for each link. Use directed edges,
i.e., arrows, to represent transformations that connect the nodes in the graph. Label each edge
with a unique name, e.g., M4, which indicates the transformation matrix that takes points from
the given frame to its parent frame. Use the world coordinate frame as the root note of the scene
graph. Assume that the body, F, and the camera, F,,,,, are positioned relative to the world
frame, F,q- Assume that all other parts are defined relative to their parent links, i.e., the links
closer to the body.
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(2 points) Give an algebraic expression for the composite transformation that would be used
when drawing a point Pp, as defined in frame Fp.i.e., it should transform point Pp to the camera
coordinate frame, F,,,. Your answer should be expressed as a product of the matrices used to

label your scene graph. _\
eam; Mam. MA MC« MD '?O

(2 points) Similarly, give a algebraic expression for the composite transformation that takes point,
Pp, as defined in frame F)p, to the head frame, Fe

f, - 1
6 Me Mc Mb /ob

(3 points) The full position of the dog is described by x,y,04,05,0c,0p,0E, 0, where all angles
specify rotations about the Z-axis, relative to their parent link. The figure on the left shows the
dog in its reference configuration, i.e., with 84,0p,0c,0p,0g,0r = 0.

Give expressions for each of M4, Mg, Mo, Mp, Mg and Mg in terms of a product of translations
and rotation matrices, written as Translate(a,b,0) and Rotate(z,f). Assume #rat no scaling.
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5. A requirement of a 3 x 3 rotation matrix, R = [é’ b 6’] , is that the columns, a, b, c, have unit
magnitude and are mutually orthogonal, i.e., a zero dot product. Furthermore, for a right-handed
coordinate system, we require a X b = c.

(a) (1 point) Given a rotation matrix defined by three column vectors, R = a b c compute the

resulting matrix product, M = RTR.
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2 pomts) A 4 x 4 rigid body transformation is deﬁned by a rotation matrix and a translation,
T as shown below. Develop an expression for the inverse of this transformation matrix. Hint:

your answer to part (a) provides most of the solution.
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6. (4 points) Viewing Transformation J

Determine the viewing transformation, M., that takes points from WCS (world coordinates) to
VCS (viewing or camera coordinates), for the following camera parameters: P, . = (5,10, 10), Pef =
(5,0,10), V,p = (1,0,0). Show your work.
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