CpSc 421 Homework 3 Due: Oct. 3, 4pm
NO LATE HOMEWORK ACCEPTED

1. (20 points)Use the pumping lemma to prove that each language listed below is not regular. For each language,
| state the input alphabet.

(@) A; = {w | the number of zeros im is less than the number of ojes = {0, 1}.
For examplel, 011, and10100111 are in this language b@and100 are not.
(b) Ay =1%". % = {1}.
For examplel, 11 and11111111 are in this language butl1 is not.

Here’s an example of how you can solve a problem like those above:

Example:{w | |[#0(w) — #1(w)| < 4}, where#0(w) is the number 00’s in w, #1(w) is the number ofl’s
inw, and® = {0, 1}.

Solution: Let A be the language described above anglbe a proposed pumping lemma constant for

A. Letw = 0P1P3, Clearly,w € A. Letzyz = w. Letn = |zy|. To satisfy the pumping lemma,
n < p; thuszy = 0™. Thereforery®z = 0P~1¥11P+3 ¢ A becausey| > 1. Thus,A does not satisfy
the pumping lemma and is not regular.
You can write this with fewer words and say:

Letp b a propose pumping lemma constant. et 071743,

For anyzyz = w with |zy| < p, 2y°z = 0P~ I¥11P+3 ¢ A,

Therefore,A is not regular.

2. (20 points)Let

0 0 0 1
S5 = ol,lo|, 1], 1
0 1 0 1

>3 contains all size 3 columns 6f andls. A string of symbols irE; gives three rows ofs andls. Consider
each row to be a binary number with the most significant bit first. For example, let

0 1 1 1
w = 0 1 0 1
1 1 0 0

The first row ofw is the binary representation @f the second row correspondsipand the third row corre-
sponds tal 2.

Let
B, = {w € X3 | the bottom row ofw is the sum of the top two rows

Show thatB is regular.

3. (20 points)Let X5 be defined as in question 2. Let
B, = {w € X} |the bottom row ofw is the product of the top two roys

Show thatB is not regular.



. (20 points)Consider the two languages described below:
C1 = {w e {a,b}* | 3,y € £*. (w = xy) A #a(x) = #b(y)}
Co={we{a,b,c} [Ju,y e X (w=a-C-y) A#a(z) = #b(y)}

One of these languages is regular and the other is not. Determine which is which and give short proofs for your
conclusions.

. (30 points,from Sipser, problem 2.6)
Give context free grammars generating the following languages:

(@) (10 points){w | 3n > 0. (w = a"b?*) V (w = a**b™)}

(b) (10 points)The complement ofw | 3n > 0. w = a™b"}.

(c) (10 points){ziczsC - - -z | eachz; € {a,b}*, and for some andj, z; = x?}.
For parts (a) and (b), the alphabef &, b}. For part (c), the alphabet {&,b,c}.

. (20 points, Extra CrediConsider the language below from the September 22 lecture notes:

Y = {a,b,c}
A = (aa*c)"(bb*c)” UX*ccX*

(a) (10 pointg Prove thatd satisfies the conditions of the pumping lemma as stated in Sipser or the September
22 notes. In other words, show that you can find a congtant0 such that for any stringy € A with
|w| > p, you can find strings, y andz such thatv = zyz andzy‘z € A for anyi > 0.

(b) (10 pointg Prove thatA is not regular.



