CpSc 421 Homework 2 Due: Sept. 26

1. (20 points +10 points extra credit) Write regular expressions that generate each of the larguagjow. For
each language, the alphab®gt,is {0,1}.
(&) A1 = {s | s contains the substring011 }.
Solution: ¥*1011 ¥*
(b) Ay ={s | |s| =5m+ Tnwithm,n € N}.
Solution: (£°)*(X7)*, whereX® = LX¥¥Y and likewise for:7.
(c) As = {s | s contains an even number 0%}.
Solution: 1*(01*0)*1*
(d) A4 ={s| s contains an odd number @fs}.
Solution: 0*10*(10*1)*0*
(e) (10 pointsextra credit):
As = {s | s contains an even number @k and an odd number dfs}.
Solution:
Here’'s a DFA that recognizes the language

(g0 is th initial state, q$ is the accepting state).
q0 -e-> 00
qo0 -0-> q01, g00 -1-> q10
q01 -0-> 00, 01 -1-> gl1
ql0 -0-> gl1, ql10 -1-> OO
qll -0-> ql10, ql1l0 -1-> 01
gql0o -e-> g%

This DFA is a GNFA and we use the procedure from the

Sept. 19 lecture notes:

delete q11:
q0 -e-> 00
gqo0 -0-> 01, go0 -1-> q10
g0l -0-> oo, g01 -11-> 01, qO1 -10-> g10
gql0 -00-> g10, @10 -01-> 01, g10 -1-> OO
gql0o -e-> g%
delete qO1:
q0 -e-> 00
g00 -0(11)™*0-> q00,
go0 -(0(11)™*10 U 1)-> g10,
gl0 -(1 U 01(11)™*0)-> OO,
gl0 -(00 U 01(11)™*10)-> q10,
g10 -e-> g$
delete qOO:
g0 -(0(11)™*0)™*(1 U 01(11)*0) -> q10,
gl0 -(00 U 01(11)™*10 U (1 U 01(11)™0) (0(11)™*0)™* (1 U 0(11 )™*10)-> q10,
-> 10,
g10 -e-> g$

Let rO = 0(11)™*0



r1 = (1 U 01(11)™*0)

Then, we've got
q0 -(r0™*rl)-> ql0,
ql0 -(r0 U r1(r0™)ri1)-> q10,
g10 -e-> g$

Now, we eliminate gq10 to get
g0 -((r0™*r1)(r0 U r1(r0™)r1)™>)-> g$

Thus, our solution is:

(r0™*r1) (r0 U r1(r0™)r1)™*
with rO = 0(11)™*0 and r1 = (1 U 01(11)™*0) as defined above.

I'll work on prettier typesetting later.

2. (30 points) In the problems below, leR,, R, ... be arbitrary regular expressions over an arbitraryefiaipha-
bet. For each proposed identity, either prove it, or giveunter-example. Two are valid identities for which a
correct proof is worth 10 points; two are not valid idenstfer which a counter-example is worth 5 points.

(@) RiUe= Ry.

(b)

(©)

(d)

Solution:

False. LetR; = 0. Thene € R; U e bute ¢ Ry, and therefore?; U e # R;.

RiR: = RiR;.

Solution:

True. Using the definitions of concatenation and Kleen:$taR} = {zy|z € R1,y € R}}
andR; = {z1z2 ... x|k > 0,2; € R,Vi} therefore,

RlRT = {x:z:l . xk|x € Ry, k> 0,x; € R1VZ}
= {1‘11‘2 .. .$k+1|]€ >0,x; € R1V2}
= {x1...zrx|r € R1,k > 0,2, € RVi}
= {yzlr € R1,y € Rj}
= RIR,

Ry - (Rg U Rg) = (Rl Rg) U (Rl Rg)

Solution:

True.Rl(RQ @] Rg) = {Iy|17 € R,y e (RQ U Rg)} = {Iy|17 €ER,ye RoVye€e Rg}

(RlRQ) U (Rle) = {x|x S (RlRQ) Ve (Rle)} = {Iy|(1? S A Yy € RQ) \Y (I S A Yy €
R3)} ={ay|zr € R1,y € RaVy € R3}.

RiU(Ry - Rs) = (R URy) - (Ry U Ry).
Solution:
False. LetR; = Ry = R3 =0. Thean U (R2 Rg) = {O, OO} 75 {OO} = (Rl U RQ) . (Rl U Rg)

3. (20 points) For any language4, let

AR = {s|s® e A}
wheres™® is thereverse of s as defined in homework 0:
ER = €
(x-c)F = c-a®

Prove that ifA is regular, then so ig”.



Solution: Construct an NFA ford®.
Becaused is regular, we can represent it with an DFA. If we reverse ties between states and swap the
start and accepting states, we get an NFA that recogriZedn the stuff that follows, I'll formalize this
description, take care of a few technical details, and thergpthat it works as advertised.
Ais anregular language. L&t = (Q, %, J, qo, ') be an DFA such that (M) = A. Choose, such that
q: ¢ Q (i.e.q, is anew state), and I&¥ = (Q U {¢.}, %, 0%, ¢z, {q0}), where

0R(q,c) = {pld(p,c) =q}, reversethearcy # ¢,
6%(qe,e) = F, start with ane move to a final state af/
R(qe,c) = 0, force that initiale move

I'll now prove thatL(N) = A®. BecauseV is an NFA,L(N) is regular. Thus, this will show that® is
regular.

The key to the proof is that after reading some strin§, the set of possible states &fare exactly those
states from which\/ could readwv and reach an accepting state. The proof is by inductiom.on

Induction Hypothesisp € (6% ({¢.},w®) N Q) < &(p,w) € F.
Base casey = e:

P€({a},w)NQ

s pedR{eh,HNQ, w=e¢

s ped{e)onQ, e=eR

& pe({@}UF)NQ, ForanysetB,é*(B,¢) =B
& (per) (FCQ) N (e Q)

& O(p,e) =€ F, For any stateg, 6(q,¢) = ¢
[l

I showed all of the steps for completeness. It would be sefficio write:

ped*({et,enQ
& peF
< O(p,e) €F

Induction stepw = ¢ - z: Noting that(c - 2)® = 2™ - ¢, we need to prove
JAS §R({qw}axR : C)

& Ir e d®({q.},zR). p e §%(r,c), def.6® forstrings
& Ired®({q},2R). 8(p,c) =r, def.§% for symbols

< 3(p,c) € 0% ({gu},2™)
& 0(d(p,c),x) € F, induction hypothesis
& d(p,c-x) € F, def.§ for strings

Intuitively, what this argument says is that\Nf can reach some statg,by readingz™ - ¢; then it did
it by first reaching some state, by readingz™®, and then got to state by readingc. We then take
advantage that™ is the reversal of. Thus,M will go from p to r by readingc. Finally, we use the
induction hypothesis with andz to conclude thafi/ will go from r to some state it” by readingz.

| will accept an intuitive argument like this one, or the nattatical version that | stated first.

4. (40 paints): For each language below, determine whether or not the &geyis regular. If it is regular, draw a
DFA that accepts it and write gnort explanation of how your DFA works. If it is not regular, prdeia proof.
For each language, the alphal¥&tjs {0, 1}. The notation/t0(s) refers to the number g£0’s in s, and#1(s)
refers to the number af1’s.
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Figure 1: Thet states represent the parity of the numbed®find the parity of the number d$ seen so far: (even,
even); (odd, even); (even, odd); (odd, odd).

(a) B1 = {s | s contains an even number @& and an odd number dfs}.
Solution: (see DFA in Figure 1)
By isregular:

(b) Bs = {s | #1(s) = k = #0(s) for somek € N}. Solution:
By is notregular: Lep be a proposed pumping lemma constant, and let 0?17 € B,. For anyzyz = w
with |zy| < p, 2y?z = 0P+1¥117 has more)s thanls, and therefore is not iB,. It follows by the pumping
lemma thatBs is not regular.

(©) Bs ={s | (|#0(s) — #1(s)| mod 3) = 0}.
Solution: (see DFA in Figure 2)

Bsisregular:
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Figure 2: The 3 states track the value of the number of Os $emrfar minus the number of 1s seen so far mod 3.

(d) Bs = {s | ([#0(s) — #1(s)| mod 3) = 1}.
Solution:
B, is not regular: Lep be a proposed pumping lemma constant, andvlet 0717+! ¢ B,. For any
xyz = w with |zy| < p, we consider three cases:



3k, k> 1
ly| =< 3k+1, k>0

3k+2, k>0

If |y| = 3k, thenzy?z = w has#0(w) = p+ 3k and#1(w) = p+ 1, s0|#0(w) — #1(w)| (mod 3) =
lp+3k—(p+1)] (mod3)=2andw ¢ B,.

If ly| = 3k + 1, thenzy?z = w has#0(w) = p + 3k + 1 and#1(w) = p + 1, S0 |#0(w) — #1(w)]
(mod 3)=|p+3k+1—(p+1)] (mod3)=0andw ¢ B,.

If |y| = 3k + 2, thenzy3z = w has#0(w) = p + 6k + 4 and#1(w) = p + 1, SO|#0(w) — #1(w)]
(mod 3)=|p+6k+4—(p+1)] (mod3)=0andw ¢ By.

Therefore By is not regular by the pumping lemma.



