CpSc 421 Homework 11 Due: Dec. 1, 4pm
No late homework accepted.

Attempt anythree of thesix problems below. The homework is graded on a scale of 100ga@wmén though you can
attempt fewer or more points than that. Your recorded gratld®ithe total score on the problems that you attempt.

1. (30 points, Sipser problem 7.20) L&t represent an undirected graph, and let

ShortPath = {(G,a,b, k) | G contains a simple path of length at mésroma to b.}
LongPath = {(G,a,b, k) | G contains a simple path of length at leagtom a to b.}
(a) (15 points) Show thatShortPath € P.

(b) (15 points) Show thatLongPath is NP-complete. You may assume the NP-completeness of ayy pr
lem shown to be NP-complete in class or in assigned readirgjpsfer (e.g. you may assume the NP
completeness o HAMPATH, Sipser theorem 7.55).

2. (35 points, Sipser problem 5.24) Let be a 3cnf formula. An-assignment to the variables of is one where
each clause contains two literals with unequal truth valtresther words, ag4-assignment satisfieswithout
assigning three true literals in any clause.

(a) (10 points) Show that the negation of ap¥§-assignment t@ is also a#-assignment.

(b) (20points) LetASAT be the collection of 3cnf-formulas that have-arassignment. Show that we obtain
a polynomial time reduction froiSAT to £SAT by replacing each clause,

(y1 VY2 Vys)
with
(Y1 VyaVzi) and (ZVysVb),
wherez; is a new variable for each clause d@nid a single additional new variable.

(c) (5points) Conclude tha$ SAT is NP-complete. In other words, part (b) shows either#h&d 7 is in NP
or that it is NP hard. Identify which it does, and take carehefother piece needed to make the requested
conclusion.

3. (35 points, Sipser problem 7.26) You are given a box and a collectiorod€as indicated in Figure 1. Because
of the pegs in the box and the notches in the cards, each chif imithe box either of two ways. Each card
consists of two columns of holes, some of which may not be pedout. The puzzle is solved by placing all
the cards in the box so as to completely cover the bottom obdixe(i.e. every hole position is blocked by at
least one card that has no hole there.). Let

PUZZLE = {{e1,...,ck) | €ache; represents a card and this collection of cards has a sojution

(a) (30 points) Show thatPUZZLE is NP-complete.
(b) (5points) Let

UNPUZZLE = {{ci,...,c) |eache; represents a card and there is a way to place the
cards that isi0t a solution to the puzzle problefn

Show that theUNPUZZLE < P.
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Figure 1: Card for question 3

4. (45points, Sipser problem 7.35) L&} = {qo, ¢1, - - - ¢ } be afinite set of states aftl= {(s1,p1), (s2,02),-- -, (Sk, Pk)}
be a finite set of pairs where teegare distinct strings ovet = {0, 1}, and ther; are (not necessarily distinct)
members of). Let (@, P) be a string describing@ and P. The languagé@DFA language is

dDFA = {(Q,P) | there exists a DFAY = (Q, %, 9, qo, F') such that/(s,p) € P. §(qo, s) = p}d

Show that the languagtbFA is NP-complete.

5. (40 points, Sipser problem 7.35) Show thatif = NP, then an polynomial time algorithm exists that produces
a satisfying assignment when given a satisfiable Booleanttar.

Note: The algorithm you are asked to provide computes a functiceredsN P contains languages, not func-
tions. TheP = NP assumption implies th&tA T is in P; so, testing satisfiability is solvable in polynomial time.
However, this assumptiafoes not say how this test is done, and the test may not reveal satisgsignments.
You must show that you can find them anyway.

Hint: Use the satisfiability solver repeatedly to find the assigmtiist-by-bit.

6. (40 points, Sipser problem 7.42) R-cnf formula is an AND of clauses, where each clause is an OR of at mo
two literals. Let2SAT = {(¢) | ¢ is a satisfiable 2cnf-formu}a Show that2SAT < P.



