CpSc 421 Midterm 1 October 8, 2008

Do problem 0 and any three of problems 1-5.
If you attempt more than three of problems 1-5, please ineiasdich ones you want graded — otherwise, I'll make an
arbitrary choice.

Graded on a scale of 100 points.
You can attempt from 89 to 110 points depending on which gmislyou choose. If you score over 100, you get to
keep the extra credit.

0. (5 points) Your name;Mark Greenstreet Your student #:1.602178480 x 10~'?

1. (24 points)
(@) (8points) LetA; be the language recognized by the NFA below:

a
02020000

Write a regular expression that generatigs
Solution: aaab(bab)*
(b) (8 points) LetA; be the language recognized by the NFA below:

Draw the state diagram for a DFA that recognizes

Solution: The NFA recognizes all strings that end with two consecst@g or two consecutiv®’s. The
DFA below recognizes the same language.




(c) (8 points) Draw the state diagram for a NFA that recognizes As.
Solution 1: Just draw ar-edge from the final state of the NFA fak; to the start state of the NFA for
AQZ

Solution 2: Looking at the solution 1, we can see that thab)* loop at the accepting state of the NFA
for A; is subsumed by théa U b)* loop at the start state of the NFA fe,. Thus, we can drop the
states and edges for tlleab)* loop without changing the language recognized by the NFA:

@a Oa Oa

@aOagbOb@

b

2. (30 points) LetY = {a,b,c}, and letB = {w | 3i,j. w = a’bc**7}. Prove thatB is not regular.

Solution 1.
Let p be a proposed pumping lemma constantior

Letw = aPbPc?’ € B.
Let z, y andz be three strings such thayz = w, |xy| < p and|y| > 1. Note thatry € L(a*).
Thus,zy’z = a?~1¥lbPc?? which is not inB becausép — |y|) + p = 2p — |y| # 2p.

Solution 2:
Let B = Bna*c* = a™c”. Because the regular languages are closed under intersactda*c* is
regular,B’ would be regular ifB were regular. It was shown in class (and3pser) thata™b”™ (and thus
a"c") is not regular; therefor® is not regular either.

3. (30 paints) Let C; be a language with alphabBt= {a,b}. Let
Cy = {wex|avlec}

Show that ifC] is regular, therC; is regular as well.
It is sufficient, for example, to describe how to construciNa#i for C given a NFA or DFA (you choose) for

C1. You don't have to give all of the formal details, just deberenough that it is clear that you could write the
formulas if you had sufficient time. For example, my solutiamsists of four English sentences.

Solution 1:
Consider the state diagram for a DFA that recogniZes Discard all edges except for those labeted

Replace the edges labeladvith edges labelell. This produces a NFA that recognizés.

Solution 2:
Let N = (@, %, 9, qo, F') be a (Sipser-style) NFA that recognizésn a*. For allg € Q andc € X define
8 (gq,c) = 6(g,a). Then,N' = (Q, 3,8, qo, F') is a NFA that recognizess.
Explanatory comment (not needed to get full credit)N’ works by replacing every edge labeled with
with an edge labeled witk. Thus,N’ accepts any string of lengthiff NV accepta™.



4. (35points) Let D, be a language with alphabgt= {a,b}. Let
Dy, = {we¥*|3zxeD.x=a"b™withn=|w|}

Show that if D, is regular, therD- is regular as well.

It is sufficient to describe how to construct an NFA 05 given a NFA or DFA forD;. You don't have to
give all of the formal details, just describe enough thas itlear that you could write the formulas if you had
sufficient time.

Solution (long): Let M = (Q, X, 4, qo, F) be a DFA that recognizes languaBe with Q = {qo, q1, - - - ¢m—1}
wherem is the number of states @ff. I'll now construct languages§) ...C,,_; that are each regular,
and whose union i®s. Let M, ; = (Q, X, 0, g0, {¢:}). Clearly,L(M, ;) is regular, and by question 3, the

language

Ai = {U) | a‘“" S L(Mal)}
is regular as well. Note that; is the set of all strings) such that machin&/ reaches staig after reading
alvl,

Likewise, we can lef, ; = (Q, %, 4, ¢;, F) and
B; = {w]|b" e L(My,)}

is| r?gular —itis the set of all strings such that\/ can reach a state ifi by starting in statg; and reading
bl

LetC; = A; N B;. C; is regular becausd; andB; are regular and the regular languages are closed under
intersection. Languag€; is the set of all stringsy such that)/ can start in state, readal™! to reach
stateg;, then readb!®! to reach a state if". Thus, ifw € L(C;) thenw € D5. Finally, note that if

w € Dy, then there is some stage such thati(qo, a!*!) = ¢; andd(g;,b'*!) € F. Thus,w € C;. We
conclude that

and D, is regular because the regular languages are closed under un

Solution (short): LetM = (Q, X, 6, qo, F') be a DFA that recognizes languale with Q = {qo, g1, - - - gm—1}-
Let A; be the set of all strings, such that machin&/ reaches statg; after readinga|w|. Let B; be the
set of all stringsv such that machin@/ reaches a state iRl after starting in state; and reading!“!. A,
and B; are both regular by the solution to question 3. Strings in D, iff there is some state; such that
§(qo,a!™!) = ¢; andé(g;, b!™!) € F. Thus,

m—1
Dy = U A;NB;
=0

andDs is regular because the regular languages are closed uneleseiction and union.

Solution (alternate): Construct two NFAs: the first NFA starts in stageand moves forward oa-edges of
M. The second NFA starts in any statefirand moves backward alofigedges of\/. A string is in D5
iff these two NFAs can reach the same state dftémoves. This is basically building a product machine
that recognize®),. We've never discussed product NFA in class (only producds§)Fbut a solution that
notes that extrapolation will get full credit.



5. (40 paints) Let> = {0, 1}, and letE; andE, be the languages defined below:

E, = {w|3keZ,xe¥ (lw =10k) A (Jz| =k
E, = {w|3keZ,xzeZ (lw =10k)A(Jz| =1

One of these languages is regular and the other is not. fgevitich language is which.
(a) (20 points) Describe a DFA, NFA or regular expression for theglaage that is regular — yalon’t need

to draw a complete state diagram or write the entire expyasgist describe how to construct it.

Solution: E is regular.
Becausdz| = 10 and|X| = 2, there are2!? possible values far in the definition ofE. Leta; be a
regular expresion that matches the such string. For example, we could define:

ap = 0000000000
a; = 0000000001
az = 0000000010
az = 0000000011
oy = 0000000100
Q1023 — 1111111111

Now, note thatt; is generated by the regular expression

1023

= Joi
i=0

This is a finite union. Thusj is a regular expression, and thereféigis regular.
(b) (20 points) For the other language, prove that it is not regular

Solution: E; is not regular.
Let p be a proposed pumping lemma constantigr
Letw = (0P1)'° € F;.
Let z, y andz be any three strings withyz = w, |zy| < p and|y| > 1.
Note thatzy is a prefix of the firsp 0's of w.
Thus,zy?z = 0P+1¥11(071)° which is not inE; . Therefore F; is not regular.



