CpSc 421 Midterm 1 October 11, 2006

Do problems 0 and 1 and any two of 2, 3, or 4. Graded on a scal@Ggpdints.

0. (5points) Your name; Mark Greenstreet Your student #: 00000000

1. (35points) (Sipser exercise 1.47)
LetY = {1,#} and let

A = {w|w=x#zo#t - -H#Hay, k>0, eache; € 1* and(i # j) = (z; # z;)}

In English, A is the set of all strings consisting of zero or more stringd 'sfseparated byt's such that no
two of these strings ol’s have the same length. For examilel#11#111, 1111##11#1111111 and
111#1111#11111#11111 areinA, butl#1 and1#11#111#11 are not.

Prove thatd is not regular.

Solution:

() Letp be a proposed pumping lemma constant4or

(b) Letu = 1P41PT14E ... 4%,
Note that we can write, = ug#tu,# - - - #uy, wherek = p andu; = 1P+,

(c) Letzyz = u such thafy| > 0 and|zy| < p.

(d) Letv = zy?z.
Note that we can write = vo#v.# - - - #vi,, wherek = p, vy = 1P1Ivl and forl < i < p, v; = 1P+,
Becausd < |y| < p,weconclude +1 < (p+|y]) < 2pandvy = vpy)y. Thus,w ¢ A.

(e) A does not satisfy the conditions of the pumping lemma. Tloeegfl is not regular.



2. (30 points)

(a) (10 points) Give a DFA that recognizes the languag@ U b)*b U b(b ua)*a.
The input alphabeti§a, b}. Drawing a state diagram for your DFA is sufficient.

Solution:
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(b) (10 points) Give a NFA that recognizes the langudad™*)*c U (ab)*.
The input alphabeti§a, b, c }. Drawing a state diagram for your NFA is sufficient.

Solution:
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(c) (10 points) Give a regular expression corresponding to the NFAy, ¢ a, b

b

Solution: (a*b U ¢)*




3. (35 points) Let B be any language. Define
f(B) = {w]|3zr€B. x=uwuwR}
wherez”® denotes the reverse of string For example,

f({cattac, doggod, mouseesoum}) = {cat, dog, nouse}

Show that ifB is any regular language, thgiiB) is regular as well. It is sufficient to describe the consinrct
of a DFA, NFA or regular expression fgi( B) and/or use closure properties that we have already provan. Y
don’t need to give a formal proof that your construction isreot.

Solution: Let M = (Q, %, 4, qo, F') be a DFA that recognize8. My solution builds an NFAN, that runsM
backwards starting from a state in The construction ofV is pretty much the same as the one used in
HW?2 to show that the regular languages are closed under stvegsad. Let's say that/ reaches state
q after readingw. If V can reach state by readingw, then that means that/ will reach a state irF" by
readingw”™. This means that/ acceptavw™. In fact, these are the only strings thidtcan accept.

The preceeding paragraph is an acceptable answer to th&oquesll also include the details of the
construction ofV, but won't require them in a solution (as long as the solugiomts out the connection
with the previously solved problem from the homework).

N = (QU {QI}7E’6R’qZIJ7‘X)

@ ¢ Q
6R(q,c) = {peQldlpc)=q}, forgeqQ
5R(Qz7€) = F

and X doesn’t matter, because we're just going to combVneith M to create the machine that recognizes
f(B). Herelitis:
N' = (@x(QU{g}),%, ¢, (q0,4x), F')
8((p,a),c) = {0(p,o)} x 6% (q.¢)
F {(e.0) eQ xQ}



4. (35 points) Ever had a broken keyboard that dropped or repeated ckesadf so, this problem is for you.
Let X be a finite alphabet, and I&FE (3) denote all regular expressions over string&in
DefineflakeyKeys : ¥* — RE(Xx) as shown below

flakeyKeys(e) = €
flakeyKeys(z-c) = z-c*, foranyce ¥

In other words flakeyKeys(x) maps the string: to a regular expression that matches any string that can be
derived fromz by dropping or repeating symbols. For examplekeyKeys(cat ) is the regular expression
cra*t”

Let C be any language. Define

flakeyKeys(C) = {w |3z € C. w € flakeyKeys(x)}

Show that ifC is regular, therflakeyKeys(C) is regular as well. It is sufficient to describe the consinrcof a
DFA, NFA or regular expression fgtakeyKeys(C') and/or use closure properties that we have already proven.
You don't need to give a formal proof that your constructisicorrect.

Solution 1. The key idea in my solution is to construct a GNFA (see SipsefQff, esp. def. 1.64) that
recognizeglakeyKeys(C).
LetM = (Q,X, 9, qu, F') be a DFA that recognizés. Let Q' = Q U {qs, ¢, } Whereg, andq, (i.e. “start”
and “accept”) are not ig). Let

G = (Q,%,8,q9s,{q.}, aGNFA
5/(%,%) = ¢
6'(¢asq) = 0, a7 q
0(p,q) = cfUcsU---Uct, (ce{a,co,...c} < d(pc)=q, p,g€eqQ
5I(Q7Qa) = ¢ if qa € F
5I(Q7Qa) = (Z)a if qa ¢ F
y(QmQ) = (Z)a qec Ql

By construction,L(G) = flakeykeys(C), and L(G) is regular because GNFAs recognize the regular
languages. ThugiakeyKeys(C) is regular.

Solution 2: One might object that | said you would never need to know theildeof the proof that every DFA
can be converted into a regular expression. If so, here’stamative solution.
Let M = (Q,%,0,qq4, F') be a DFA that recognizeS. For each state; € @ and each symbal € ¥
such thatV/ has an outgoing arc fromlabelede, define a new state, .. Add ane arc fromg; to g; . and
anothere arch fromg; . to d(g;, ¢). Finally, add a self-loop arc fromg . to ¢; . labelledc. This produces
an NFA that recognizegakeyKeys(C).



