CpSc 421 Final Exam December 15, 2006

Do problem zero andx of problems 1 through 9. If you write down solutions for mdnattsix problems, clearly
indicate those that you want graded. Note that problems eamdsth 12, 15 or 20 points: you can attempt between
84 and 108 points depending on the problems that you chotiée eXam will be graded on a scale of 100 points.

0. (3 points) If you have read and understood the instructions in theipvavparagraph, write

| have read the instructions and understand that | am supposed to solve six of the nine problems; that
| can thereby attempt between 84 and 108 total points; and that the examis graded on a scale of 100.

as your answer to this problem.

1. (12 points) Let #a(w) be the number od’s in w and#b(w) be the number db’s in w. Draw the transition
diagram for an NFA that recognizes the languagedefined below:

A1 = {we{a,b}*|3r,y, 2 (w=12yz) A (F#aly) > #b(y) +3)}

In other words, thed; contains those strings that contain some substring (dgghib entire string itself) that
has three mora’s thanb’s.

2. (20 paints) Let X be a finite alphabet. Far, y € ¥* with |z| = |y|, define thedistance between: andy as the
number of symbols for whichkr andy differ. For those who like formulas:

dist(e,e) = 0
dist(x - c,y-c) = dist(x,y), T,y EX* ceX
dist(x -c,y-d) = dist(z,y)+1, z,yeX*; c,deX; c#d

Let A be a language. Define

threeStrikes(A)
notBad(A)

{z |3y € A(lyl = [z[) A (dist(z,y) <3)}
{z |3y € A (Jyl = |=[) A (dist(z, y) <x]/3)}

(a) (10 points) Show that ifA is a regular language, thehreeStrikes(A) is also regular.
Hint: My solution has five sentences.

(b) (2 points) Show a languagd; such thatd, andnotBad(A;) are both regular.
(c) (2 points) Show another languagé; such thatA, is regular andhotBad(A2) is not regular.
(d) (6 points) Prove that for your choice ol,, notBad(A2) is not regular.
3. (12 points) Let
B: = {z|3we{ab}*. z=wHwR}
By = {z|3we {a,b}*. 2 = wHwR#w}
() (6 points) Give a CFG forB;.
(b) (6 points) Prove thatBs is not a CFL.

4. (15 points) As in question 3, let
By = {z|3we {a,b}*. z = wHwR#w}

Show thatB; is a CFL.
Hint: Consider the proof that”b"¢™ is a CFL (e.g, HW 6, Q1l.e).



5. (12 points) Draw the transition diagram for a Turing machine that esatsetape and then continues from state
g1 with the tape head at the left end of the tape. My solution heeetstatesy, (the initial state)y; (the state
the TM enters after erasing its tape and moving back to thested); andg, (one more state to get the work

done).

6. (15 points) Let

Ay = {[M] ]| There is some non-empty string such thaf )| reads every symbol af when run
with inputw. }
As = {[M]| There is some non-empty string such thafM/] does not read every symbol of

when run with inputw. }

(@) (3points)Is A; = A,? Give a short justification for your answer.
(b) (6 points) Is A; decidable? Justify your answer.
(c) (6 points) Is A, decidable? Justify your answer.

7. (15 points) Let
Agpp = {[M]]|[M] describes a TM that accepts at least 42 strigs.

(a) (8 points) Prove thatd,, is not Turing-decidable.
(b) (7 points) Prove thatd,s is Turing-recognizable.
8. (20 points) A one-counter automaton (OCA) is a 6-tup@, X, 6, go, g7, ¢-). The symbols- and- are left and
right endmarkers; if the input string is, the OCA's tape will bé- w .

As the name suggests, the OCA has a counter that can hold &gein The OCA starts in statg with the
counter set to zero and the read-head at the leftmost tapees(the one with the). At each step, the OCA
makes a move depending on its current state, the tape symirehtly under the read head, and whether or
not the value of the counter is equal to zero. Based on thegrmdtion, the OCA transitions to a new state;
moves its tape head one square to the left or the right; ancbilneter is either incremented, decremented or left
unchanged. If the OCA ever reaches staté accepts, and if it reaches it immediately rejects.

(@) (6 points) Describe an OCA that recognizes the language:
By = {z|3we{a,b}* z=wHwR}
You don't need to into lots of detail. My solution has nine tegtes.
(b) (5 points) Describe an OCA that recognizes the language:
By = {z|3w e {a,b}*. x = wHtwR#w}

You don't need to into lots of detail. My solution two senteac

(c) (10 points) Prove that the language emptiness problem for OCAs is Guimdecidable.
Once again, you don't need lots of detail. Just describeelygokints of the reduction so that it's clear that
you know how to solve the problem. My solution has seven seei® (using computational histories) or
nine (using PCP).

9. (20 points) Let A be a regular language withl| = co. Prove that there exists a languaBevith B C A such
that B is not Turing-recognizable.



