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L ecture Outline

Context Free Languages

® CFG Examples

® Formal Definition

@® The Regular Languages are Context Free
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Arithmetic Expressions
G = (V,X, R, Fxpr), where

V= {Ezxpr, BExprList, NonEmptyErprList }

> {INTEGER IDENTIFIER ,PLUS MINUS
TIMES, DIVIDE , EXP,
LPARENRPARENCOMMA

R = See next slide
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Rulesfor Arithmetic Expressions
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Generating an Expression
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Context-Free Grammars

® A context-free grammar (CFG) is a 4-tuple, (V, 3, R, S) where

® V is afinite set of variables —
V' is sometimes called the “stack alphabet”;

® > is afinite set of symbols —
> is the input alphabet;

® R is a finite set of rules —
R CV x (V UX*),; in English, a rule maps a variable to a string of variables
and/or symbols;

® S isthe start variable.
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Derivations (1/2)

® IfaeVand a— wforsome w € (V U X)*, then we say that «
produces w.
® Example: S — 0S1.

® \We say that S produces 0S1.

® Ifx=yazwithy,ze (VUX)*and a € V, and alpha — w for some
w € (V UX)*, then we say that x yields w.

® Example: S — 0S51.
® \We say that 0051051 yields 0005110 S1.

® Likewise 0051051 yields 005100S11. 0000 5110 51.

® We write x = w to denote that x yields w.
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Derivations (2/2)

® r,w e (VUX)* and w can be obtained from = by applying zero or
more rules, then we say that x derives w.

® We write z = w to denote that x derives w.
® Example: S — 0S1|SS |e.
® S—=SS=051S = 051051 = 010S1 = 0100S11 = 010011.

® Thus, z = w.

® Formally, z = w iff
® w=—uxo0r
® Iy (z=y) A(y = w).
@® Note that this is an inductive definition. Therefore, we can use induction to

prove properties of derivations.
® Example: same grammar as above.

® S= S Thus, S= SS.Thus, S = 0S1...
Thus, S = 010011.
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Context-Free Languages

Let G = (V,X, R, S) be a context-free grammar.

@ L(G)={weX|S=>wl

® A language is context free iff it is the language of some CFG.

® Examples of context-free languages:

om1m.
The set of strings in {0, 1}* with an equal number of 0’s and 1’s.

Arithmetic expressions as defined on slides 4 and 5.

For most programming languages, the set of syntactically correct programs is a
context free language.
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Regular Languages are Context-Free

Let A be a regular language. Let « be a regular
expression that describes A.

casea=c,c e X:G={S}H%X,{S —c},59).
casea=c¢€: G = ({S},2,{S — €},9).
casea=0:G=({S},X%,0,S5).

case a = a1 U ao.

® LetG) =(V1,X, R1,S1) and G2 = (Va, 3, R, S2) be CFGs such that
L(Gl) = L(Oél) and L(Gg) = L(OéQ).
® ['ll assume Vi N Vo = (. This can be achieved by renaming variable if
neccessary. Likewise, I'll assume that there is a variable S, with S ¢ V; and
S & Va.
® letG=(V,2,R,S)withV =V UV, U {S} and
R:R1UR2U{S — S1 | SQ}.
® /[ (G)= L(a1 Uaz). The proof is based on the observation that the first step of

a derivation in GG starts by choosing S; or S; to obtain eventually a string from
L(a1) or L(a2) respectively.
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The Rest of the Proof

CaSe ax = «1 o 2 .

® Define G; and G5 as for the previous case.

® letG=(V,2,R,S)withV =V UV, U {S} and
R:R1UR2U{S — S1 SQ}.

® [ (G)= L(a1 o az2). The proof is based on the observation that the first step of
a derivation in G produes S S2. Thus the complete derivation will produce a

string from L(G1) followed by a string from L(G2). Conversely, any string in
L(aq o) isin L(G).

case a = aj :

® Define G as for the previous cases.

® LetG=(V,S,R,S)withV =13 u{Stand R=R; U{S — €| S S1}.

® L(G)= L(aj). We canshow L(G) C L(«F) by induction on the derivation of a
string w € L(G). Likewise, we show L(G) C L(a7) by induction on the number

of strings in L(«1) that are concatenated together to produce a string
w € L(af).
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Regular vs. Context-Free

® Every regular language is a context free language.
Proof just given.

® There are languages that are context-free but not regular.
Example: 071",

® Conclusion: RL c CFL.
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Ambiqguity
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Arithmetic Terminals

Reqgular Expressions:
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