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L ecture Outline

Regular Expressions

@ Regular Expresssions

@ Equivalence of Regular Expressions and Finite Automata
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Regular Madlibs

Onceupona____ ,therewasa that
noun noun past tense ver

zero or more adjectives  plural noun

Let avocado denote the language {avocado}.

Let noun =
avocado Ubeach uUcarrot Ucaterpillar Upencil Upengui ns Uzonbi e.

Let pluralNoun = nouns.
Let verb = add U conpi | e Ueat Usi ng Usw muUwal k.

Let pastVerb = verb ed.

Let adjective =
beautiful UbigucolduconsiderableUfurry uUinsipiduyellow.

Now, our Madiib T M is

Once upon a , there was a , that
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Regular Expressions

® A regular expression, «, Iis

R L(R) where
0 0

€ {e}

c {c} ceX

Ry URy | L(Ry) U L(R2) | Ry and R, are regular expressions
Rio Ry | L(Ry) o L(R2) | Ry and Ry are regular expressions
Ri (

b(

Ry)* R is aregular expression

@® Language union, concatenation, and asteration were defined in the
Sept. 15 notes and Sipser p. 44.
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Regular Expressions Examples
Let ¥ ={a,b}.

® «*b* — the set of all string with zero or more a’s followed by zero or
more b’s. For example, the strings ¢, a, aaab, bb, and aabbb are in
this language. The strings aba and ba are not.

® (aaa)*(bb)*b — the set of all strings consisting of a number of a’s
that is divisible by three followed by an odd number of b’s. For
example, the strings b, aaabbb, and aaaaaaaaaaaabbbbb are in
this language, but the strings ¢, baaa, and aabbb are not.

® «>*b— the set of all strings that begin with an a and end with a b.
For example, the strings ab, ababab and abbbaabaaabab are in
this language, but the strings a, aba, and babbab are not.
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A Few More Remarks

® We'll write X as a regular language that generates the language of
all strings in X1,

® From the definition of L*, we note that ¢ € L* for any language L.
In particular, note that 0* = {e}.

® Regular expressions and programming languages.
The following regular expressions describe various lexical pieces of
Java:
® The keyword cl ass: cl ass.
® |dentifiers: (A—Z]Ula—z]U_US$)([A—Z]ula—z]U__USU[0—-19)]),
where [A — Z] denotes all characters from A to Z, and likewise for [a — z] and
[0 —9].

@ Floating point numbers:

((o—9]t . [o—=9*)U([0—9]*.[0—9]"))(eU (e(+U—Ue)0—9]T))
U [0-9Te(+U—-Ue[0—-9]1)),

h 0—-9]t = [0—9][0—9]*.
where [ ] [ ][ ] 25 September 2006 — p.6/15



Regular Expressions = Finite Automat:

Every DFA is an NFA

Show a construction
for each case in definitio
of regular expression.

regular expressions.
Eliminate states to get
regular expression.

® We will show that every language described by a regular
expression is recognized by an NFA.

® \We will then show that every language recognized by a DFA has a
corresponding regular expression.
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From REsto NFAS
® r=0: )
(] R:e:@
o R:c:m

N1 recognizesRq

N> recognizesRy
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From REsto NFAs (cont.)

N; recognizesRy No> recognizesRy
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An Example
R=(bucuab)*

® a= (H2 O |b= %‘CEM
® ab = “‘@
® buc = M@

OO

£ ()b@
® bucUab = @i =00
"O=-0O-0>0

OO0
€ T m

® (bucuUab)" = =00
“O+-O=00
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From DFAsto REs

® Given a DFA, we want to construct a regular expression that for the
DFA's language.

® The “hard” part is keeping track of all of the possible paths from the
start state to an accepting state, especially because there can be
many possible loops.

® The key observation is that the symbols that label edges in a DFA
are simple regular expressions.
® We'll generalize this idea and allow arbitrary regular expressions on edges.

® \We'll use the flexibility of regular expressions to allow us to eliminate one state
from the DFA at a time. We'll modify the REs for the remaining edges to
account for the deleted states. Thus, our new DFA will recognize the same
language as the original one.

@ By successively deleting states, we'll eventually get to a DFA with a start state,
an accept state, and a single edge from the start state to the accept state. The
label for this edge is the RE corresponding to the original DFA.
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Eliminating Edges (Example)

Consider paths from state 1 to state 4 that go through state O.

Any such path must begin with a string that takes it to state O for the first time. o
describes such strings.

@ Then, the path can visit state 0 several times. The expression 5* describes all such
looping.

@ Finally, the path has visited state 0 for the last time and goes to state 4. The

expression 4 describes that part of the path.

@ Thus, the set of strings that start in state 1, pass through state 0 at least once, and

end in state 4 are described by the expression a1 3*v4.
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Eliminating Edges (cont)

aq glys

o3 pUya

We can replace all edges in and out of state O in the same way as we replaced the
edge from state 1.

Once we've done this, we can eliminate state 0 from the machine.

The resulting machine accepts the same language as the original machcine.

We continue, until the we have eliminated all states except for the start and accept
states. The final machine accepts the same language as the original machine. The
final machine has one edge whose label is the regular expression corresponding to

the original DFA.
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From DFAsto REs (proof 1/3)

To make a complete proof out of the preceeding
observations, we define the automata that we use that
have regular expressions for edge labels.

A GNFA, G, is a 5-tuple (@, %, E, s, t).

Q is a finite set of states.

Y is a finite set of symbols.

E : @ x QQ — regular expression, is the edge labeling.
s Is the start state, there are no edges going into s.

t is the accepting state, there are no edges going out of ¢.

G accepts w iff there are strings x1, zo, . . . z, and states

q1, 91, - - - qx—1 such that x; matches the regular expression for
(s,q1), x; matches the label for (¢;—1, ¢;), and x; matches the label
for (qr—1,1).
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From DFAsto REs (proof 2/3)

Given a DFA, M = (@p,X%,0p, q.p, Fp), we construct a
GNFA with G = (QG: 2, E, qstart, Qaccept) where

® QG = QD U {QStart7 Qaccept} —we reqUire qstart, Qaccept ¢ QD-

® |[f for each c € C; 4, 6(gi, ¢) = g;, then E has an edge from ¢; to g;
labeled with the regular expression (... N

@ There is an edge from g4+ 10 g, p labeled with e.

® There is an edge from each state in F'p t0 qq4ccept, @and each such
edge is labeled with e.

@® By this construction, L(G) = L(M).
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From DFAsto REs (proof 3/3)

k—state | Add Qgart _ |k+2-state _eliminate _ |k+1-stats
DFA and qaccept . GNFA a State GNFA

regular 2-state
expressio GNFA

.
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