CpSc 421 Homework 4 Due: Oct. 16, 4pm
Extra Credit

Note: All problems on this homework set are extra-creditu Yioay turn in solutions for up to four of the problems
below. Turning in a solution for any part of a problem courgstiempting the entire problem.

| originally had not planned to assign homework during thekvef the midterm. The idea of having an extra credit
problem set was very popular in class, and I’'m happy to dofdald this for both midterms, it creates the possibility
that some people may get a total homework score greater 9@ & overall, this class has been doing very well on
the homework so far. If at the end of the term, someone hasabhtomework score of100 + p)% (withp > 0), |

will count it as100 + p/2 when computing course grades. This means that you stillftbéreen the extra credit, but
hopefully I'll avoid creating grade inflation in the process

Have fun!
1. (10 points) Let A be the language of all strings whose length is a power of 2:
A = {w]|3keN. |w =2~}
Prove thatd is not regular.

2. (15 points) Each of the three languages described below is regulanmi®language, show a DFA; for another
language, show an NFA; and for the remaining language, shregwar expression.

(@) Gpoints) Ay = {w € {a,b}* | #a(w) — #b(w) is divisible by threé, where#a(w) denotes the num-
ber ofa’s in w and likewise for#b(w).

(b) (5points) A2 = {w € {a,b}* | #ab(w) = #ba(w)} where#ab(w) denotes the number of occurrence
of the stringab in w, and likewise for#ba(w). For example#tab(ababba) = 2 and#ba(ababba) = 2;
thereforeababba € A, .

(c) (5points) Az = {w € {a,b,c}* | 21#a(@) _ 1 is divisible by three o/#*(*)| 4+ 1 is divisible by five.
3. (20 points) Let o, 8 and~y be regular expressions.

(a) (10 points) Prove thala U 8)y = ay U (.
(b) (10 points) Prove tha{a*3)*a* = (a U f)*.

4. (20 points) Let A be a language. Define
sameLength(A) = {w |3z € A. |z| = |w|}
Show that ifA is regular, thesameLength(A) is regular as well.

5. (25 points, problem 1.38 from Sipser)
An all-NFA is a 5-tupleNy = (Q, 3, 0, qo, F), that acceptw € X* iff everypossible state thaty could be in
after reading inputv is in F'. Prove that all-NFAs recognize the class of regular langaag

6. (25 points, problem 1.42 from Sipser)
Let A and B be languages. Define

shuffle(A,B) = {w|3xy 222, €A Jy1-y2-- -y EB.w=x1-y1 -T2 Y2 Tk - Yk}

Note that this says that thncatenatiomf z; throughz; produces a string idl; the indivualz; strings might
or might not be strings inl. Likewise for they;’s.

Show that the class of regular languages is closed undéiteshuf



7. (30 points) Let A be a regular language. Let

= {w |3y, 2 (lz] = [y| = [2[) AM(w =y) A (zyz € A)}
= {w]|3z,y, 2. (Jz| = ly| = [2]) A (w = 22) A (zy2 € A)}

One of these languages is regular for any regular languagend one is non-regular for some choices4of
(obviously, bothA,%, andA%,% are regular ifA = () or A = ©*). Determine which is which and give proofs.

8. (30 points) Let A be a regular language. Let

Aeap, = {w|3z € A |z|=2l"}
{w]3z € A |w| =207}

Alog2 =

One of these languages is regular for any regular languagend one is non-regular for some choices4of
Determine which is which and give proofs.

9. (30 paints) Let A be a regular language with alphalat b}. Let

Acon=y = {w| v e A. (#a(v) = #a(w)) A (#b(v) = #b(w))}
Acgv=y = {w ]3I € A (#av) = #a(w)) V (#b(v) = #b(w))}

Where#a(z) denotes the number afs in z, and#b(x) denotes the number bfs in z. One of these languages
is regular for any regular languagk and one is non-regular for some choicesioDetermine which is which
and give proofs.

10. (@40 points)

(a) (10 points) Prove the following more general version of the pumpingriean

If Ais regular, then there is a constant 0 such that for any stringyz € A with |y| > p, then
there exist stringg, v, andw such that:
e |v| >1;and
o Vi > 0. zuviwz € A.
(b) (10 points, see Sipser exercise 1.54)
Consider the languagé = {a't’c* | k > 0 and ifi = 1thenj = k}. In class (see the Sept. 29 slides), we
showed thatd satisfies the simple version of the pumping lemma that wedenhusing, and we showed
that A is not regular.

Show thatA does not satisfy the new improved version of the pumping larttrat you proved in part (a).

(c) (10 points, from Kozen)
Consider the language with alphabet {a, b, c}:

B = (atc)"(bte)" UX*ceX*

Show thatB satisfies the conditions of the new improved pumping lemmafpart (a).
(d) (10 paints) Prove thatB as defined in part (c) above is not regular.



11. @5 points) Let 3¢ denote the set of all strings dffinite length composed of symbols frod. A Non-
deterministic Bichi Automator(NBA) is a five-tuple,(Q, 3, d, qo, F') with @, ¥, ¢, and F' defined as for an
NFA. Let N be a NBA andw € X“ be a string. Letv(i) denote the*" symbol ofw. A run of N onw is a
sequence of stateg,; N — @ such that:

Vi. q(i + 1) € 6(q(3), w(i)),

whereg(i) denotes thé'" state in the sequenge We say that a run is accepting iff there are an infinite number
of distinct choices foi such thay (i) € F. We say thatv is in the language o, w € L(N) iff there is an
accepting run fotV with inputw. For example, the NBA shown below

accepts all strings that have an infinite numbeb'sfand never have aam followed immediately by & .

Let B denote the class of all languages that are recognized by NBAs class53 is known as thev-regular
languages.

(a) (10 paints) Prove thatB is closed under union. In other words,Aff and A, are languages i, then
A1 U Asisin B as well.

(b) (15 points) Prove that3 is closed under intersection.

(c) (20 points) Deterministic Buchi Automata are defined in a manner agala to ther non-deterministic
cousins. In particular, Beterministic Bichi Automator{DBA) is a five-tuple,(Q, 3, 0, qo, F') with @, X,
0, andF defined as for DFAs. Leb be a DBA andw € ¥¢ be a string. Arun of D onw is a sequence of
statesg : N — @ such that:
Vi q(i + 1) = 8(g(i), w(i),

We say that a run is accepting iff there are an infinite numberstinct choices fog such thay (i) € F.
Let D denote the class of all languages that are recongnized bysDBA

Prove thatD is a proper subset df. In other words, you must show that there is at least one &ggu
recognized by an NBA that is not recognized by any DBA.



