CpSc 421 Homework 3 Due: Oct. 6, 4pm
Solution Set

1. (40 points) Use the pumping lemma to prove that each language listeevbgloot regular. For each language,
| state¥ the input alphabet.

(@) {w | the number of zeros iw is less than the number of orje& = {0, 1}.
Solution:
i. Call this languaged. Letp be a proposed pumping lemma constant
i. Letw =0P1Pt, w e A.
iii. Let zyz = w with 0 < |y| and|zy| < p. Note thatr andy are in0*.
iv. zy’z = ortlvliptl o A,
v. A does not satisfy the pumping lemma,; therefore it is not magul
(b) 17°. ¥ = {1}.
Solution:
i. Call this languages. Letp be a proposed pumping lemma constBnt
ii. Letw=17". w e B.
iii. Let zyz = w with 0 < |y| and|zy| < p.
iv. zy2z = 17°+1vl. We observe that

P°+ 1yl
P*+p
p?P4+2p+1
(p+1)°

I AINA

Thus,|zy?z| is not a perfect square; therefore;’~ ¢ B.
v. B does not satisfy the pumping lemma; therefore it is not r@gul
(©) {w-c-w®|we {a,b}*, whisthereverse ofv}. X = {a,b,c}.
Solution:
i. Call this languag€. Letp be a proposed pumping lemma constant
ii. Letw =aPca’r. we C.
iii. Let zyz = w with 0 < |y| and|zy| < p. Note thatr andy are ina*.
iv. zy?z =artlvlcar ¢ C.
v. C does not satisfy the pumping lemma; therefore it is not ragul

(d) {w | the number of left parentheses in any prefixuofs greater than or equal to the number of right
parentheses, and the number of left parenthesessrequal to the number of right parenthe$es

Y= {(7 )}
Solution:
i. Call this languagé). Letp be a proposed pumping lemma constant
i. Letw=(")".weD.
iii. Let zyz = w with 0 < |y| and|zy| < p. Note thatr andy are in(*.
iv. zy?z = (pﬂy‘)p ¢ D.
v. D does not satisfy the pumping lemma,; therefore it is not rgul



2. (20 points) Let

(G- 1

Y3 contains all size 3 columns 66 andls. A string of symbols irE3 gives three rows ofis andls. Consider
each row to be a binary number with the most significant bit. fifer example, let

0 1 1 1
wo = 0 1 0 1
1 1 0 0

The first row ofw is the binary representation @f the second row correspondsipand the third row corre-
sponds tal 2.

Let
B = {w € %3 | the bottom row ofw is the product of the top two rows

Show thatB is not regular.

Solution:

() Letp be a proposed pumping lemma constantor
(b) Let

017

0

0
w is the string foP+! x 2+l — 22p+2

(c) Letzxyz = wwith 0 < |y| and|zy| < p.

(d) Considerry?z. Pumpingy changes the value of the third component (the product) Istiuts more
zeros into the upper bits of the factors and therefore dbebange their values. Thus, the supposed
product changes, but the factors remain the same. ThereféreZ B.

(e) B does not satisfy the pumping lemma therefore it is not regula



3. (20 points) Consider the two languages described below:

o {we{a,b}|Ir,ye Xl (w=u1zy) A#a(z) = #b(y)}

e {we{a,b,c}*|Tz,ye* . (w=z-c-y)A#alx) =#b(y)}

One of these languages is regular and the other is not. Dieteranich is which and give short proofs for your
conclusions.

Solution: Let
Ay = {we{a,b}*|Ir,y € T (w=zy) A #a(z) = #b(y)},
Ay = {wefab,c}|[dz,ye X (w=2a-c y)A#a(z) = #by)}
Ay is regular.

Infact A; = ¥*. This is a problem where it can really help to try a few exarapky to find a string
that is notinA;. After a few attempts, you'll see what is happening.

Let diff (z,y) = #a(x) — #b(y). Given a stringw, letx;y; = w with |z;| = 4. Clearly#a(x¢) =
0 (becausery = ¢, and#b(yo) = #b(w) (becauseyy = w). Thus diff (xg,y0) = —F#b(w).
Furthermorediff (x;+1,yi+1) = diff (x;,y;) + 1. To see this, let; 11 = z; - ¢ (thusy; = ¢+ y;41). If
c = a,thendta(z;1 = #a(w;)+1, and#b(yit1) = #b(y:); thusdiff (viy1,yiv1) = diff (i, yi)+1
as claimed. On the other handcif= b, then#a(x; 11 = #a(x;), and#b(yi+1) = #b(y:) — 1;
and againdiff (zi4+1, yi+1) = diff (zi,y:) + 1. We've now shown the base case and induction step to
prove thatdiff (z;, y;) = i — #b(w).

Let: = #b(w). We conclude thadiff (z;, y;) = 0, which means thata(z;) = #a(y;), and we also
have thatr;y; = w. Thus,w € A;. Our choice ofw was arbitarary. Thus4; contains all strings; in
other words A; = ¥* which is regular. Therefored; is regular.

Ag is not regular.

(a) Letp be a proposed pumping lemma constdpt

(b) Letw = aPch?. w € A,.

(c) Letxyz = wwith 0 < |y| and|xzy| < p. Note thatr andy are ina*.
(d) zy?z = aa?t¥lcb? ¢ D.

(e) D does not satisfy the pumping lemma therefore it is not regula

Note that in this case, the in stringw (or zy’z forced the choice of prefix in which the's were
counted and the suffix in which tH&s were counted. Thus, we couldn’t divide the string at any
arbitrary location (as we could with langauge). This extra restrictiveness df, is what allowed us

to violate the pumping lemma.



4. (30 points) (Sipser problem 1.47)
If Aisanylanguage over alphalﬁxletA%, be the set of all first halves of strings ihso that

Ao = {u|Ive vl v € A}
Show that ifA is regular, then so iﬂ%_.

Solution: Let M = (Q, %, 0, qo, F') be a DFA that recognized. We will construct an NFA that recognizes
A%,. The basic idea is to usil go read the input string. In parallel, we will have an NP4, that runs

backwards, similar to the NFA that we used to show th&tis regular in HW2. Rather than processing
the input string,V will determine all possible reachable states given all {pbssnputs strings of the
specificied lenght. If after reading a string IV can reach the state thaf is in, then we accept.

Here’s the formal definition oiV:

N® = (QU{qm},E,(SR,Qm,@)
R(q,c) = {p|3de . i(p,d)=q}

Note thaty v (g, ) includesp if M there is any input symbol for which/ can move fronp to ¢ — it doesn't
have to be:. This is what allowsV to simulate an arbitrary string of the same length as thetinpu

Now, we build a product machine with/ and N:

N%, = Qx(QU{Qz}axvgéfv(Qangc)aF%f)
01_((a1,42),¢) = {(p1,p2) | (p1 = d(q1,¢)) A (p2 € 0% (g2, ¢))}
Fio = {(¢,9) €@xQ}

The DFA part ofN%_ says that\/ reaches statgafter readingv. The NFA part says that there igavith

[v| = |w that would takel/ from stateg to an accepting state. Thu¥, _ acceptsy iff w € A;_. This
shows thamé, is recognized by an NFA; thereforﬂ;, is regular.



