CpSc 421 Homework O Solution

1. (20 points) Recall the inductive definition for the se, of all strings in{0, 1}* with an equal number of’s
and0’s (see the September 8 lecture notes)s in S iff

e W =c¢, 0r
e There is a stringe in S such thatw = 0z1 or w = 1x0; or
e There are strings andy in S such thatw = zy.

(a) (10 points) Give an inductive definition for a séf, that contains all strings that have mot& than('s.

Solution: Stringw is in T iff
e There are strings andy in .S such thatw = z1y, whereS is the set of all string with an equal
number of ones and zeros as defined in the problem statement.
e There are strings andy in T' such thatv = zy.

(b) (10 points) Give a proof that your solution to part (a) is correct.

Solution:
Let numOne(w) denote the number dfs in stringw and numZero(w) denote the number dfs.
We prove thatl’ is the set of all strings that have moris than0’s by showing the set inclusion in
each directions.
Every string inT" has morel’'s than0s:
Proof by induction on the derivation of the string.
Letw € T be a string. There are two cases to consider:

Jz,y € S.w=zly:

1. numZero(x) = numOne(z), S is the set of strings with an equal
number of0’s and1’s.

2. numZero(y) = numOne(y), same as for step 1

3. numZero(w) = numZero(z) + numZero(y), w =x1ly

4. numOne(w) = numOne(x) + 1 4+ numOne(y), W =Xx1ly

5. numOne(w) = numZero(w) + 1, subsitition, 1-4

5. numOne(w) > numZero(s), step4

It is also acceptable to write the equivalent proof in Englis
It was shown (in the Sept. 11 notes) that for any steifg .S, the number of’s and1’s in
s are equal. Thug; has an equal number 65 and1’s as doeg. The number 06’s in w
is the total number of’s in z andy. The number of’s in w is one greater than the total
number inz andy. Thus, The number df's in w is one greater than the number(s in
w which means that) has morel’s than0’s.

Jr,yeT. w=xy:

1. numOne(x) > numZero(x), induction hypothesist € T

2. numOne(y) > numZero(y), induction hypothesist € T

3. numOne(w) = numOne(x) + numOne(y), W =Xy

4. numZero(w) = numZero(x) + numZero(y), W =Xy

5. numOne(w) > numZero(w), substitution and addition, 1-4

Again, a proof written in English prose acceptable. The dskeinduction hypothesis should
be clearly indicated.
We've shown for both cases thatimOne(w) > numZero(w). Therefore, every string i has
more ones than zeros.



Every string that has moris than0’s is inT":
Let w be a string that has moiiés than0’s. Let « be the shortest prefix ab that has moré’s
than zeros — note that has this property so such a prefix must exist. Furthermonayst have
exactly one moré than0, andx must end with d. Thus, we can choosesuch thatr = 1, and
u € S. Now, choosey such thatv = xy. Note thatnumOne(y) > numZero(y). We consider
two cases:
numOne(y) = numZero(y): This means thay € S. We now havew = uly with u,y € S.
Thus, the first case in the definition ‘bfapplies, andv € T'.
numOne(y) > numZero(y): This means thay € T. Furthermorez = ule, andu ande are
both inS. Thereforex € T by the first case in the definition @f. Having shown that and
y are both inT', we conclude thaty € T using hte second case in the definitionZaf This
shows thatv € T.
We've shown for both cases thatc 7. Therefore, every string in that has mdre than0’s is
inT.
We've shown that every string il has more ones than zeros and that every string that has mege on
than zeros is ifT". Thus,T is the set of all strings that have more ones than zeros.

I've been careful to put “wrap-up” statements at the end chgzart of the proof. Acceptable solutions
can omit those when they are clear and be somewhat lessedigtadin mine.

2. (20 paints) Let: = {0, 1,2}. LetC ¥* H be the language that contains a striangiff

e w —=¢,0r

e There are strings: andy in H such thatw € {0z1y2, 022y1, 120y2, 122y0, 22:0y1, 221y0}.

(a) (10 points) Prove that for each stringy in H, the number 0f’s, 1's and 2’s in w are all equal to each
other.

Solution: Let numZero(w), numOne(w) andnumTwo(w) denote respectively the number@®@s$, 1's
and2’s in w. Letw € H be a string. To show thatumZero(w) = numOne(w) = numTwo(w),
there are two cases to consider according to the definitidi: of

w = e numZero(w) = numOne(w) = numTwo(w) = 0.
w € {0zly2,0x2y1, 120y2, 12240, 220y1, 221y0}: We consider the case whete= 0z1y2, the
other cases are equivalent. We have:

w = 0xly2

w = 0xly2

induction hypothesis:
numOne(x) = numZero(x)
andnumOne(y) = numZero(y)

1. numZero(w) = 1+ numZero(z)+ numZero(y),
2. numOne(w) = 1+ numOne(x)+ numOne(y),
= 14 numZero(x) + numZero(y),

3. numTwo(w) =

numZero(w),
1+ numTwo(z) + numTwo(y),
1+ numZero(x) + numZero(y),

numZero(w),

4. numZero(w) = numOne(w) = numTwo(w),

This completes the proof.

substitution, step 1

w = 0xly2

induction hypothesis:
numTwo(x) = numZero(x)
andnumTwo(y) = numZero(y)

substitution, step 1

steps 2 & 3

(b) (10 points) DoesH contain all strings that have an equal numbel0&f, 1's and2’s? Give a short proof

for your answer.



Solution: H does not contain all strings that have an equal numbe®’sf 1's and2. For example H
does not include the strin@2210.
Proof: The first rule forH produces the empty string. All strings produced by the sécafe have
first and last symbols that differ. Neither rule can prodineestring012210.

An acceptable proof would be:

There are no strings if for which the first and last symbol are the same.
or

If w e H andw # ¢, then the first and last symbols ofare different.

3. (30 paints) LetX = {a,b}. Figure 1 depicts three finite state machines that read isfroim this alphabet. Let
L., Ly, and L. be the languages accepted by DFA (a), DFA (b), and DFA (c)aetyely.

(a) (9 points) For each ofL,, L;, and L., list three strings in>* that are in the language and three strings in
>* that are not in the language.

Solution:
L,: The stringsa, aa andaaa are inL,.
The stringsh, ab andbb are notinLZ,.
Ly: The stringsaa, baa andbaabaa are inLy.
The stringsh, ab andbb are not inL,.

L.: The stringsaaa, aaaa andbaaa are inL..
The stringsh, ab andbb are not inL..

(b) (12 points) Write a short description of each of the languagks, L, and L.

Solution:
L,: w € L, iff wends with ara.

Ly: w € Ly iff w ends with twoa’s followed by zero or more repetitions bf.
Itis not correct to say thdt, is the set of all strings that end with tvecs. For example, the string
aabaisin L, but it does not end with twa’s.

L.: For this one, it's convenient to define two other languagss fLet L;, be the language of all
strings consisting of zero or more repetitionsbaf; for examplee, ba, andbabababa are in
Ly,. Let Ly, be the language of all strings of the fotrba y a wherey € Ly,.

Using these definitions, a string is in L. iff w ends with a suffix of the fornma y a z where

y € Ly, and is the concatenation of zero or more strings flgmor Lyy,—q-

Explanation: Letz be the suffix of as stringy as described above. Tla@ at the beginning of
z moves the machine to state 2. The strinmoves the machine back and forth between states
1 and 2 any number of times (perhaps zero), ending in stateh.n€xta moves the machine
to state 3. Once the machine has reached state 3, any swimg.ff, moves the machine back
and forth between states 2 and 3 any number of times (perleapks 2 ikewise, as string from
Lpba—q brings the machine back to state 1 (with thig) then forward to state 2 (with the) and
eventually back to state 3 (with the fire).

Note that we don’t have to worry about strings that take thehime all the way back to state 0 —
we can just start again with a later suffix.

By the time that this is posted, we will have seen regularesgions. | wrote my description without
using regular expressions. Here’s the same descriptioittemas regular expressions:

L, = Y¥*a

L, = X*aa(ba)*
L. = YX*aa(ba)*a(ba U (bba(ba)*a))*



(c) (9 points)

IsL, =Ly, L, C Ly, Ly D Ly, or none of these?

IsLy =L, Ly C L¢, Ly D L, or none of these?

IsL,=1L., L, C L., Ly D L, or none of these?

Give a short justification of your answers.

Solution: L, D Ly D L.

Any string in L, ends with ara and is therefore it.,. Conversely, the string is in L, but notinL,;
thus the superset relatioh,, D L is strict.
Let &, andd. be the state transition functions for DFA(a) and DFA(b) extjvely. I'll now show by
induction that for all stringsw,

Ic(0,w) —1 < §(0,w) < 6.(0,w).

My proofis (of course) by induction — in this case on
w=¢€ 6(0,e) =0 =09.(0,¢).
w=2x:-cC:
If ¢ =a andd,(0,z) < 2, Both machines move one to the right and the induction hygsiths
maintained.

If ¢ =aandd,(0,x) = 2, DFA(b) stays in state 2. DFA(c) must have been in state 2 dieB a
readingz, and moves to state 3 after reading ¢helhe induction hypothesis is maintained.

If ¢ = b andd,(0,z) > 0, Both machines move one to the left and the induction hyithe
maintained.

If ¢ =b andj,(0,x) = 0, DFA(b) stays in state 0. DFA(c) must have been in state O diet a
readingz, and moves to state 0 after reading ¢heThe induction hypothesis is maintained.

Now, considetw € L.. This means thaf.(0, w) = 3. By the result that we just proved by induction,
2 S 51}(0; U)) S 37

but 6, (0, w) must be less than 3. Therefo®,0,w) = 2 which means that DFA(b) accepis
Thereforew € L.
The stringaa is in L, but notinL,. This shows that the superset relationsilip> L. is strict.

I'll also accept a solution that doesn’t set up a formal irtchreproof. For example:

Let w be a string inL.. As noted earlier, this means thatends with twoa’s followed by zero
or more repetitions dba followed by ana followed by zero or more repetitions bf. Note that
we can find strings andy such that

o W =1xY,
e 1 ends with twaa’s followed by zero or more repetitions bf followed by ana,
e y consists of zero or more repetitionshd.

Any suchx must end with two consecutiags (just consider the cases for zero repetitionbaf
and more than zero repetitions). Therefargjs a string that ends with twa's followed by zero
or more repetitions dba. Thus,zy € Ly.

Of course, an example to show that the subset relationsbtpdsis still required.
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Figure 1: Finite state machines for question 3



