CpSc 421 Homework 6 Solutions

1. (25 points): Kozen HW 9, Question 3
Prove that the emptiness problem for linear bounded automata is undecidable.

Solution: | will show thatVALCOMPS can be solved by a LBA. As shown in Kozen, lecture 35 (eq. 35.1),
VALCOMPS(M,z) =0 < M does not halt on:.

Let My = (Qo, X0, 0,0, Do, o, S0, o, 7o) be a Turing machine. Define an LB = (Q,%,T,+,
,0,8,t,7r) with

Y = FO X (QQ U {O})

I = {FA4#0zu(EU{#}) x{'})

In other words} and - are the left and right endmarkers féf. The symbol(c, ¢) indicates that the
symbol on the tape fob/ is ¢, the read/write head fak{, is at this square, and/, is in stateq. The
symbol(c, o) indicates that the symbol on the tape fdp is c and the read/write head fdd, is not at this
square. Tape symbols faf can be marked with awhich | will use below. The tape symbet is used to
separate successive configurationd/bf

Rather than listing out all of the states and the details of the state transition relation, | will describe the
operations of\/, in each case making it clear that they could be performed by an LBA.

e Initially, M reads its input tape an makes sure that it has the right structure to describe a valid compu-
tation. In particular, in makes sure that the input tape has the b w, #wo# . . . #wi# where
eachw; is a string in(Ty x (Qo U {o}))*, eachw; contains exactly one symbol ity x {o}, wp
encodes the initial configuration fdr, with input z, andw; encodes a configuration fdi, in an
accepting or rejecting state. As chapter 35 of Kozen, these restrictions are a regular language. The
LBA has a finite state control. Thus it can test these conditions on a single pass over the tape. If the
tape fails any of these conditions the LBA rejects. Otherwise, it returns to the left endmarker and
continues with the steps described below.

e M now marks the leftmos# and the first# to the right of the leftmost one witts. M then returns
to the left endmarker.

e M now checks that successive configurations as described on its input tape correspond to legal moves
of My. M maintains its tape with two squares marked Vatithese mark corresponding tape locations
of two consecutive positions\/ finds the left marked square and remembers the tape symhbblfor
in M’s own finite state. It moves one square to the right.
If this square has the tape head markerXfy, thenM memorizes the tape symbol and state fdy
symbol along with the tape symbols &1, for the previous and following square i1’s own finite
store. M then moves to the right to find the marked square in the next configuration and checks that
that the three tape symbols starting with the marked one correspond to the succégsuirthg three
that it has memorized in its finite store. If ndt] rejects. Otherwise)/ moves thé markers for both
configurations to the squares immediately after the groups of thifealso remembers if the state of
M, in the successor configuration is a final state (per rg).
Otherwise, the square after the marked one does not encode the tape head mavker forthis
case,M just scans to the marked square in the successor configuration and confirms that it matches
the symbol from the predecessor configuration. If ddtrejects. Otherwise)/ moves the marks
one to the right for each configuration.
If M reaches its own right endmarket, M recalls from its finite store whether or ndf, was in a
terminal state in the final configuration. If sk accepts, otherwisé/ rejects.

This machine accepts a string, iff it describes an terminating computatidf of inputx. If M, ter-
minates on inputz, the corresponding computation history is accepted/hy Otherwise, the language
accepted byl is empty. The halting problem for Turing machines is undecidable. Thus, the language
emptiness problem for LBAs is undecidable as well.



2. (25 points): Kozen HW 10, Question 1

Show that neither the set

TOoTAL & {M | M halts on all input

nor its complementis r.e.

Solution: | start from the observation that the halting problem is r.e. but is not co-r.e\ViLla¢ a TM andr be
an input toM. I'll now construct a new TM M’ such that on inpug, M’ simulatesM running on input
x for |y| steps. IfM does halt withiny| steps, therm{’ will go into an infinite loop. Otherwise)/’ will
accepty. By this construction)/’ is total iff A does not halt on input. This reduces the complement of
the halting problem,vHP, to TOTAL. We know thatvHP is not r.e. Thus, TOTAL in notr.e. either.

A similar construction works to show that TOTAL is not co-r.e. This time, we make a\TMvhen run

with inputy first simulates) running on inputz. If M halts, thenM’ accepty, (whatevery happens to

be). Otherwise)M’ simulatesM forever. By this construction)/’ is total iff M halts on inputz. This
reduces the halting probleni/P, to TOTAL. We know thatHP is r.e. but not co-r.e. Thus, TOTAL in

not co-r.e. either.

Note: | first tried to solve this using Rice’s theorem, but Rice’s theorem applies to the language recognized
by the TM, not to the TM itself. Thus, | gave up on that approach and looked for a reduction argument
instead.

3. (25 points): Kozen HW 10, Question 3
Show that it is undecidable whether the intersection of two CFLs is non-empty.

Solution: As suggested by the hint in the textbook, I'll turn this into a variation of VALCOMPS. Given a
TM M with input stringX, I'll ask whether#tag#alt#as#ali# . . . #a,, encodes a valid configuration,
whereq; is gives the configuration in reverse whieis odd in in normal order whehis even.

The basic idea is to use two PDAs. The first PDA checks that each even numbered configuration is followed
by the correct configuration. It does this by pushing the even numbered configuration onto the stack and
then popping each symbol off while checking the symbols of the subsequent odd numbered configuration.
Thus, this PDA checks that!* is the valid successor ta, thata£f is the valid successor @, and so on.

The second PDA checks that each odd numbered configuration is followed by the correct even numbered
configuration. In other words, it verifies thaj is the valid successor toff and so on. If both PDAs accept

and the final configuration is a final configuration faf, then the input string encoded a valid computation

of M on inputzx.

I'll assume that the input string has the valid structure for VALCOMPS (i.e. that each configuration has
exactly one symbol that marks the stateléfin that configuration, etc.). As pointed out in my solution to
problem 1, this is a regular language. It can be incorporated into either or both PDAs.

Now, I'll describe the operation of the first PDA. It reads each symbaldn If the symbol does not
include the marker for the read/write headMdf the PDA just pushes the symbol onto its stack. If it does
include the marker for the read/write head, then the PDA memorizes the value of the previous symbol (on
the top of the stack), the current symbol, and the statéfan its finite state, and reads the next symbol.

The PDA can now simulate the move &f and pushes the appropriate symbols onto its stack. If the PDA
determines thad/ enters a final state, the PDA remembers this in its own state, and all states of the PDA
from here on are accepting states (unless the PDA discovers an error elsewhere in the configuration).

When the PDA reaches the symbol, the stack holds the next configuratioméf The PDA reads ,

and pops these symbols off of the stack as it goes, comparing the symbol it reads with the symbol on the
top of the stack at each move. If they agree, the PDA continues, otherwise, it enters into a permanently
rejecting state. If the PDA pops all of the symbols off of its stack in this maneer,otlqu is the valid
successor ofio;. The PDA verifies that the next input symbol isfaand then repeats this whole process

(to verify thatag; 1o is properly followed byog; 1 3.

The operation of the second PDA is similar.



If both PDAs accept, thertag#ali#as#ali# ... #a, encodes a valid computation. The language
accepted by a PDA is a CFL. Thus, the language accepted by both of these PDAs is the conjunction of two
CFLs. This language is non-empty #f halts on inputc. The halting problem is undecidable. Thus, the
language non-emptiness problem for the intersection of two CFLs is undecidable.

Note: my construction made no use of non-determinism. Thus, the language non-emptiness problem for
the intersection of two DCFLs is undecidable as well.

4. (25 points): Kozen Miscellaneous Exercises, Question 103.
A nondeterministic Turing machine is on ewith a multiple-valued transition relation. Give a formal definition of
these machines. Argue that every nondeterministic TM can be simulated by a deterministic TM.

Solution: A non-deterministic TM is a 9-tupld/ = (Q, X, T, -, 0, A, s, ¢, 1), whereQ is a set of stateq] is
a finite tape alphabed} C I'is a finite input alphabet; is the tape left-endmarkel] € I is the blank
symbol; A C (Q x T') x (@ x I x {L, R}) is the state transition relation; ard¢, andr are the start,
accept, and reject states respectively. In particdlatc), (¢',¢’,d)) € A means that whedM is in state
q reading symbot, M can enter state’, write ¢’ on the tape, and move the read/write head one square in
directiond. For any particular andc, there may be multiple choices fof, ¢/, andd.
To simulate a non-deterministic TM\/,,4, with a deterministic TM,M, I'll use the usual universal
machine construction (as in Kozen, chapter 31). However, I'll add a synibtd, the tape alphabet of
M. and keep track of each possible configuratiodff; on the tape of\/,. Based on the construction
from Kozen, chapter 31}/, will have three tracks, with the top track holding the descriptiod&f;, the
middle track holding the contents of the tape idy,; for each possible configuration, and the bottom track
marking the tape head position and staté/ff,;, again for each possible configuration. Thus, the middle
track will look like:

wl#wg# . #wk

if there are currently: configurations of\/,,; being simulated.

For each simulation stepd, will simulate each configuration af/,,; for one step. Letv; denote such

a configuration. If fromw;, M, can move to an accepting configuration, the€p accepts. lfw; hasm
possible successors, théf,; will make m — 1 copies ofw; at the end of its tape and update the original
one and then — 1 copies to reflect each possible movenof If w; has no successors, or if all successors
enter the rejecting state, théd,; erasesu; from its tape. If a successor af; moves beyond thé: at the

end ofw;, thenM shifts all symbols to the right af); one tape square to the right and appends a bland ot
Wi .

Machine M, accepts if there is any sequence of choicesMfy,; such thatM, , accepts. ThusMy
simulatesi/,, 4.

Note that it was crucial for/,; to simulate each possible configurationidf,; at each step. In particular,

M, can't just simulate one of the non-deterministic choices until it accepts or rejects and then consider
the others if the first choice rejects. This is because some choices may lead to looping, while a different
choice would accept. [V, followed the looping choice without considering the othéig, would fail to
terminate, even thought,,; would accept.



