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Math Review

Math Review

3D (or 2D) space - descriptors

= Describe position in space
= Vectors

= Describe transformation
= Operations on vectors
= Matrices (Transformations)
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!- Vectors

= Notations
= column vectors

3
8, a

col

T

a col — “row

a,

n

= row vectors
o =la 2 . a]

=3 = Simple operations:
= sum (subtract), multiply by scalar
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!- Vectors

= Geometric meaning — oriented segment in nD
space
= Location (point) if given origin — our setting

s

Dot Product

= Or /nner product

x| |a
y|e|b|=x*xa+y*xb+z=*c PeN

z c

= Geometric interpretation

= Useful for computing angles u
o uev=llMoose 5

lu[cos® \Y
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Dot Product Geometry

= length of projection of u onto v u i
uev=|ulV[cose B

uev \
|ucos o = T luleeso

= as lines become perpendicular, U®V —> 0

A 4
y

4o
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!- Cross Product

U \4 UyVs —UsV,
U, [X|V, [=]| UV, —UV,
U, V3 uVv, —u,v,
Right Handed Coordinate System

uxv
\' (curl fingers from u to v;
thumb points to u x v)
— VxUu u
4 Juv] =ullv|sine

British Columbia

!. Normal

fl
:Z,;\7

Normal: unit vector perpendicular to surface
Unit vector — vector of length 1
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Math Review

=3D Coordinate Systems

Right-handed Coordinate System
4
y Z=XxYy
X using right-hand rule
Left-handed Coordinate System

Z=XxYy

y
using left-hand rule
Zl X

L
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Cross-Product — geometric meaning
= Direction = normal to plane defined by vectors

= Size = parallelogram area

faxt|=[allolsing [ paxs

uxyv - b
—— Normal to plane containing u & v 7 o
uxv
luxvll =
3 3 2
W u W
University of University of
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Coordinate Frame Math Review
= Coordinate frame: basis (independent) vectors + sWorking with Frames
origin
= can specify location - points
J -
o P P=0+xi +vyj
P=0+xi +yj
J P(3,-1)
P il o]
= | 11/1 P(-1.5,2)
JL ] )
r of 3 P2
Unl?;ly of Unl?;ly of
British Columbia British Columbia
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Matrices

= Matrices in CG — tools to manipulate vectors
= Addition/Subtraction

|:m11 m12 :| + |:n11 n12:| — |:n11 + mll
m21 m22 n21 n22 nZl + le

= example ~
3+5] [-1 8
4+J‘[9 5]

}{—2 5}:[1+(—2)
7 1 2+7

n12 + m12
n22 + m22 i

13
{2 4
W
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!. Matrix-Matrix Multiplication

= row by column
mll m12 nll an :| — pll plZ :|
n21 I’]22 L p21 p22

[ My My,
Py =My Ny + M0,

43
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Matrix-Matrix Multiplication

= row by column
mll r.an |:n11 an
m21 m22 n21 n22

_ { Py | Pez
P Pz |

Pr =My Ny +My,N,,
Par = My Ny +MyoN,,
Pro = My Ny, +My,Ny,

40
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Scalar-Matrix Multiplication

= scalar * matrix = matrix

a m11 le — a * m11 a* le
le m22 a*m21 a* m22
= example
] 2 4] [3*2 3*4] [6 12
1 5| |3*1 3*5| |3 15
=3
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!. Matrix-Matrix Multiplication

= row by column
mll le —J nll n12 :| — pll p12
m21 m22 n21 nZZ | p21 pZZ

Py =My Ny + MmNy,
Par = My Ny +MyoN,,

s
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!- Matrix-Matrix Multiplication

= row by column
— |: pll p12

mll le ]|: n11 n12
m21 m22 n21 n22 p21 p22

Pry =My Ny +MppN5
Pay = MyyMNyy + My, Ny
Py = My Ny, +MppN,,
Py = MyyMyp +MyyN,,

4o
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Matrix-Matrix Multiplication

= row by column
m, My, —J[ LTI ALY
My My|f| Ny | Nz

— |: pll p12 |
p21 p22

Pyy = My Ny +MppNy,
Pa1 = My Nyy + My,Ny,
Py = My Ny, +MppN,,
Pay = My Nyp + My, Ny,
= noncommutative: AB I= BA

L
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Matrix Multiplication

= can only multiply if
number of left cols = number of right rows

= legal

a b c i
[e ¢ } k I m
g nop
= undefined

a b c ..

o h ij

=3 Ik Im

0O p qQq

University of

!- Matrix-Vector Multiplication

= points as column vectors: postmultiply
mll le m13 m14 X '

le m22 m23 mZA p = Mp
m31 m32 m33 m34
My M, mg; m,

D:N_\<<><_
TN <

mpoints as row vectors: premultiply

T
m; m, m; m,

[ vy z hl=[x y z n]™2 M= M= Ma p'T =pTMT
m31 mﬁz m33 m34
mAl mAZ m43 m44

43
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‘_: Matrices and Linear Systems

= linear system of n equations, n unknowns
3X+7y+2z=4

2x—4y-3z=-1
5x+2y+z=1

= matrix form Ax=b

40
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:- Matrices

= transpose my M, My my My My My My

m21 m22 m23 m24 - m12 m22 m32 m42
m31 m32 m33 m34 m13 m23 m33 m43
m41 m42 m43 m44 m14 m24 mSA m44
= identity 1000
o100
0010
0001
= inverse
AA =1

= not all matrices are invertible
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‘_: Lines & Segments (2D)

= Segment ', from & =(%.v}) to R =(x.y})

= Line through R =06.%¢) and R =(£,y})
= Parametric G,(t),t € (-0,~0)
= Implicit Ax+By+C=0
= Solve 2eq in 2 unknowns (set A2+B2=1)
Universityof = 3D?

British Columbia

4o

Page 4
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* Line-Line Intersection * Triangle P,

(x.5E) o
i) = Normal
(6%) E . n= (R-P)x(P,—R)
(:58) H(Pl_Po)x(Pz _P[))H
. XMt = xg + (x5 = xg )t (o1 G- X2(r) =x3 +(xf =x3)r oo
v () =ys+(vi-valt v =y +(v: -yl = Area

R

Intersection: x & y values equal in both representations - two linear
equations in two unknowns (r,t)

LIRp PP

A==
2

university of Question: What is the meaning of rt<0 or rt>1? University of
British Columbia British Columbia

* Plane

= Implicit equation: Ax+By+Cz+D=0
= Normalize (one option): A%+B2+C?=1
= (A,B,C) - normal to plane

= To find given 3 points By P, P, inthe
plane:
_ (R-PR)x(P,-FR)

n=—~1 0/"Yv2 0/
H(Pl -R)x (P, - PO)H

= Get nxx+ny+n,z+D=0 (solve 1 eq to get D)

43

University of

[British Columbia

Copyright 2005 Alla Sheffer Page 5



