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Composing GeometricComposing Geometric
TransformationsTransformations

• composition of transformations
• scene graphs
•• compositioncomposition of transformationsof transformations
•• scene graphsscene graphs
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TransformationsTransformations
Affine transformationsAffine transformations
•• linear transformation + translationslinear transformation + translations
•• can be expressed as a 3x3 matrix + 3 vectorcan be expressed as a 3x3 matrix + 3 vector

4x4 matrices4x4 matrices
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TransformationsTransformations
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Simple CompositionsSimple Compositions

translate(a,b,c)translate(a,b,c) translate(d,e,f)translate(d,e,f)

scale(a,b,c)scale(a,b,c) scale(d,e,f)scale(d,e,f)

),( 2θzRotate ),( 2θzRotate
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Composing TransformationsComposing Transformations
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suppose we wantsuppose we want

FFWW

FFhh

Rotate(z,Rotate(z,--90)90)

hA PzRotP )90,( −=

FFWW

FFhh

Translate(2,3,0)Translate(2,3,0)

AW PTransP )0,3,2(=

hW PzRotTransP )90,()0,3,2( −=
FFhh
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Composing TransformationsComposing Transformations

hW PzRotTransP )90,()0,3,2( −=

•• RR--toto--L:  interpret operations wrt fixed coordsL:  interpret operations wrt fixed coords
•• LL--toto--R:  interpret operations wrt local coordsR:  interpret operations wrt local coords
•• OpenGL  (LOpenGL  (L--toto--R, local coords)R, local coords)

glTranslatef(2,3,0);glTranslatef(2,3,0);
glRotatef(glRotatef(--90,0,0,1);90,0,0,1);
draw_house();draw_house(); )90,(

)0,3,2(
−⋅=

⋅=
zRotMM

TransMM

MVMV

MVMV

updates current transformation matrixupdates current transformation matrix
by postmultiplyingby postmultiplying
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Composing TransformationsComposing Transformations

FFhh

FFWW

Rotate(z,Rotate(z,--90)90)

FFhh

FFWW

Translate(Translate(--3,2,0) in local coords3,2,0) in local coords

hW PTranszRotP )0,2,3()90,( −−=
glRotatef(glRotatef(--90,0,0,1);90,0,0,1);
glTranslatef(glTranslatef(--3,2,0);3,2,0);
draw_house();draw_house();
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Composing TransformationsComposing Transformations
EquivalenceEquivalence

hW PTranszRotP )0,2,3()90,( −−=
hW PzRotTransP )90,()0,3,2( −=

Undoing TransformationsUndoing Transformations
1),,( −zyxTrans ),,( zyxTrans −−−=

IzyxTranszyxTrans =−−− ),,(),,(
1),( −θzRot ),( θ−= zRot

IzRotzRot =− ),(),( θθ

©© Michiel van de PanneMichiel van de Panne

University ofUniversity of
British ColumbiaBritish Columbia

Test yourself ...Test yourself ...

i
v

j
v

FFWW

glTranslatef(0,2,0);glTranslatef(0,2,0);
glRotatef(glRotatef(--90,0,0,1);90,0,0,1);
glScale(2,2,2);glScale(2,2,2);
glTranslate(1,0,0);glTranslate(1,0,0);
draw_house();draw_house();
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Rotation about a pointRotation about a point

i
v

j
v

FFWW

translate P translate P 
to originto origin

θ
),( yxP

rotate about rotate about 
P byP by θ

rotate aboutrotate about
originorigin

translate P translate P 
backback

),,(),(),,( zyxTranszRotzyxTrans −−−θ
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Rotation about an arbitrary axisRotation about an arbitrary axis
•• axis defined by two pointsaxis defined by two points
•• translate point to the origintranslate point to the origin
•• rotate to align axis with zrotate to align axis with z--axis  (or x or y)axis  (or x or y)
•• perform rotationperform rotation
•• undo aligning rotationsundo aligning rotations
•• undo translationundo translation

glRotatef( angle, x, y, z);glRotatef( angle, x, y, z);
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Transformation HierarchiesTransformation Hierarchies

scene graphscene graph
roadroad

stripe1stripe1 stripe2stripe2 ...... car1car1 car2car2 ......

w1w1 w3w3w2w2 w4w4
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Transformation HierarchiesTransformation Hierarchies

torsotorso

headheadRUarmRUarm

RLarmRLarm

RhandRhand

RUlegRUleg

RLlegRLleg

RfootRfoot

LUarmLUarm

LLarmLLarm

LhandLhand

LUlegLUleg

LLlegLLleg

LfootLfoot

worldworld

trans(0.30,0,0) rot(z,  )trans(0.30,0,0) rot(z,  )θ
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Transformation HierarchiesTransformation Hierarchies
Matrix StackMatrix Stack

glPushMatrix()glPushMatrix()

popmatrix()popmatrix()
AA

BB

CC

AA

BB

CC

AA

BB

CC

CC

glScale3f(2,2,2)glScale3f(2,2,2)

D = C scale(2,2,2) trans(1,0,0)D = C scale(2,2,2) trans(1,0,0)

AA

BB

CC

DD

DrawSquare()DrawSquare()
glTranslate3f(1,0,0)glTranslate3f(1,0,0)

DrawSquare()DrawSquare()
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Hierarchical Modeling withHierarchical Modeling with
Matrix StacksMatrix Stacks
•• provides a means of returning to a previouslyprovides a means of returning to a previously--usedused

coordinate systemcoordinate system
•• graphical scenes and characters have a natural graphical scenes and characters have a natural 

hierarchical structurehierarchical structure
•• depth of matrix stacks is limited in hardwaredepth of matrix stacks is limited in hardware

–– typically:  16 for ModelView, 4 for Projectiontypically:  16 for ModelView, 4 for Projection
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Transformation HierarchiesTransformation Hierarchies
ExampleExample

4θ

1θ5θ 3θ

2θ

xx

yy

glTranslatef(x,y,0);glTranslatef(x,y,0);
glRotatef(    ,0,0,1);glRotatef(    ,0,0,1);
DrawBody();DrawBody();
glPushMatrix();glPushMatrix();

glTranslatef(0,7,0);glTranslatef(0,7,0);
DrawHead();DrawHead();

glPopMatrix();glPopMatrix();
glPushMatrix();glPushMatrix();

glTranslate(2.5,5.5,0);glTranslate(2.5,5.5,0);
glRotatef(    ,0,0,1);glRotatef(    ,0,0,1);
DrawUArm();DrawUArm();
glTranslate(0,glTranslate(0,--3.5,0);3.5,0);
glRotatef(    ,0,0,1);glRotatef(    ,0,0,1);
DrawLArm();DrawLArm();

glPopMatrix();glPopMatrix();
... (draw other arm)... (draw other arm)

1θ

2θ

3θ
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Projective Rendering PipelineProjective Rendering Pipeline

OCS OCS -- object coordinate systemobject coordinate system
WCS WCS -- world coordinate system world coordinate system 
VCS VCS -- viewing coordinate system viewing coordinate system 
CCS CCS -- clipping coordinate system clipping coordinate system 
NDCS NDCS -- normalized device coordinate systemnormalized device coordinate system
DCS DCS -- device coordinate systemdevice coordinate system

OCSOCS WCSWCS VCSVCS

CCSCCS

NDCSNDCS

DCSDCS

modelingmodeling
transformationtransformation

viewingviewing
transformationtransformation

projectionprojection
transformationtransformation

perspectiveperspective
divisiondivision

viewportviewport
transformationtransformation

glVertex3f(x,y,z)glVertex3f(x,y,z)

glTranslatef(x,y,z)glTranslatef(x,y,z)
glRotatef(th,x,y,z)glRotatef(th,x,y,z)
........

gluLookAt(...)gluLookAt(...)

glFrustum(...)glFrustum(...)

glutInitWindowSize(x,y)glutInitWindowSize(x,y)
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ComingComing Up…Up…
•• animationanimation
•• projection transformationsprojection transformations
•• viewing transformationsviewing transformations


